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In this paper, we study a particular modified gravity Equation of State, the so-called Jaime-Jaber-
Escamilla, that emerges from the first gravity modified action principle and can reproduce three
cosmological viable f(R) theories. This EoS is a suitable candidate to reproduce the dynamical
dark energy behaviour already reconstructed by the current data sets. At background level, we
present the constraints in which a set of free parameters inherent to the f(R) gravity were chosen to
satisfy the Solar System constraints, while the ones related to its numerical field solutions are setting
as free parameters and confronted with recent SNeIa, BAO, Hz, and Strong Lensing samplers. At
the perturbative level, the value obtained for σ8 from SDSS and SNeIa+IRAS data agrees, at 1-σ,
with the Starobinsky model while the one obtained from SDSS-vec is compatible with the Hu &
Sawicki and Exponential models. Furthermore, according to our constrain on ns, Hu & Sawicki and
Exponential models can mimic a ΛCDM + γp model.
Introduction.- One of the major challenges that pre-
cision cosmology face is a full explanation of the late cos-
mic acceleration. The standard concordance or Lambda
Cold Dark Matter model (ΛCDM) offer an agreeable ex-
planation where the observed accelerating expansion is
related to the repulsive gravitational force of a Cosmo-
logical Constant Λ, with constant energy density ρ, and
negative pressure p, having an equation of state (EoS)
ρ = −p. Moreover, even with this simple formulation,
this standard model suffers from severe theoretical in-
conveniences as the fine-tuning and coincidence problems
[1, 2]. To relax these inherent problems, several alterna-
tive proposals have been presented in the literature over
the last years (see e.g. [3–7]) they usually propose mod-
ifications to General Relativity (GR) by considering an
arbitrary function of the Ricci scalar R as f(R), with
f being an analytical function of R. Scenarios with a
dynamical dark energy have been also considered. Both
approaches got important attention because they provide
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explanations for several theoretical shortcomings [8, 9],
but none of them can completely depict the evolution of
the Universe.
To propose a solution to the latter matter, [10] showed
that it is possible to construct a f(R) model that gen-
erates a late-time accelerating expansion of the uni-
verse, has the radiation-dominated stage followed by the
matter-dominated one, and consistent with the Solar Sys-
tem constraints using the chameleon mechanism. The
conditions for such viable f(R) models include (i) the
positivity of the effective gravitational coupling; (ii) the
stability of cosmological perturbations; (iii) the stabil-
ity of the late-time de-Sitter point; (iv) the asymptotic
behaviour towards ΛCDM at the high curvature regime;
(v) the Solar System constraints; and (vi) the constraint
from the violation of the Equivalence Principle.
At the moment, modified gravity can be comparable
with the ΛCDM expansion history at an observation-
ally equivalent level, while for the growth of structure
there can be significant deviation that provide an impor-
tant probe for MG. Nevertheless, from a linear perturba-
tive point of view, it should be possible to differentiate
between them or at least found features that can devi-
ate from ΛCDM without taking the traditional matter
power spectra path [11–14]. With these ideas, this paper
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2presents the analysis of a dynamical dark energy EoS de-
rived from modified f(R) cosmological models, showing
possible deviations from the ΛCDM model and between
these modified models that are trying to explain the cos-
mic acceleration. The main advantage of our approach
is that it is possible to justify an EoS that comes from
first principles –a modified action – instead of proposing
a random EoS form.
Generic EoS for modified gravity.- In these theo-
ries, we usually start with an action of the form
S[gab,ψ] =
1
2κ
∫
d4xf(R)
√−g + Smatt[gab,ψ] , (1)
where κ ≡ 8piG1, Smatt[gab,ψ] is the standard matter
action, ψ represents the matter fields and f(R) is an
arbitrary smooth function of the Ricci scalar R.
We are going to consider an homogeneous and isotropic
universe described by a flat (k = 0) Friedman-Lemaˆıtre-
Robertson-Walker (FLRW) metric ds2 = −dt2 +
a2(t)
[
dr2 + r2dΩ2
]
, where dΩ2 = dθ2 + sin2 θdϕ2 is the
solid angle. The energy-momentum tensor will be com-
posed by baryons, dark matter (DM) and radiation,
therefore, our set of evolution equations are given by
R¨+ 3HR˙ = − 1
3fRR
[
3fRRRR˙
2 + 2f − fRR+ κT
]
,(2)
H2 = − 1fRR
[
fRRHR˙− 1
6
(RfR − f)
]
− κT
t
t
3fR
, (3)
H˙ +H2 = − 1
fR
[
fRRHR˙+
f
6
+
κT tt
3
]
, (4)
where fR ≡ ∂Rf , the other subscripts of R indicate
higher orders in derivatives, T tt is the temporal compo-
nent of the energy-momentum tensor, T = Tαα and H ≡
a˙/a, while dots indicates derivatives with respect to the
temporal coordinate. The EoS for the dark energy fluid
in f(R) is given by wfld = (3H
2−3κP−R)/[3(3H2−κρ].
The parameter wfld is the EoS for the geometric dark
energy in f(R) [15] with a Ricci scalar given by R =
6(H˙ + 2H). The pressure and density are related to
the matter and radiation content. To obtain a generic
reconstruction for the EoS adapted to f(R) cosmolog-
ical viable models we perform numerical integrations of
these field equations to obtain the Jaime-Jaber-Escamilla
(JJE) EoS for dark energy surveys [10]:
w(z) = −1 + w0
1 + w1zw2
cos(w3 + z), (5)
which can reproduce the following cosmological viable
1 Hereafter, we will use natural units in where c = ~ = 1.
models:
f(R)Sta = R+ λRSta
[(
1 + R
2
R2Sta
)−q
− 1
]
,
f(R)HS = R−RHS
c1
(
R
RHS
)n
c2
(
R
RHS
)n
+1
,
f(R)Exp = R+ βR∗(1− e−R/R∗),
(6)
where RSta, RHS and R∗ are appropriate constants for
each model, wi (i = 0, 1, 2, a, b), q, c1, c2, n, and β
are free parameters, z is the standard redshift given by
z = a0/a−1 and a0 is normalized to one. Notice that (5)
has a current value given by w(z = 0) = w0 cos(w3)− 1,
which can recovers wi = −1 at z  1, and allows dynam-
ical oscillations in the redshift range of current and future
surveys [16–20]. As it was shown in [10], there are three
possible cosmological models: Starobinsky (Sta) model
[21], Hu & Sawicki (HS) model [22] and the Exponential
(Exp) model [23–25]. The evolution of each of them can
be recovered within a 0.5% for the first two and within
a 0.8% precision for the latter according to the numeri-
cal solution of the field equations. These percentages are
quite reasonable values since the estimated accuracy of
current and future experiments provide a statistical sig-
nificance of 1% below z = 1 for the JJE parameterisation.
In this paper, we explore a generic form of JJE EoS
with fixed values that is able to pass the Solar System
tests [10], i.e. showing the same dynamics. This goal can
be obtained by rewriting (5) as:
w(z) = −1 + wa cos(αν(z))
wbzp + 1
, (7)
where ν(z) = 2pi/(
√
ηz + 1)1/2 and wb = 0.03, η = 6,
α = 1 are chosen appropriately. We consider this shift
on the cosine function argument in order to study solely
the periodic phase and avoid any divergence in the ob-
servable redshifts. For p we consider p = 11 for the back-
ground analysis since it can reproduce the Exponential
model and, according to the current astrophysical data,
it converges faster in comparison to the other two mod-
els. For the linear perturbations, we consider three values
p = {4, 5, 11}, which are the cosmological viable cases.
Notice that, according to the original JJE parametrisa-
tion (7), the values considered for the free parameters
correspond to the numerical solutions that reproduce the
three possible cosmological models derived from modified
gravity.
Observational data.- To perform the statistical anal-
yses of (7) and understand current constraints, we need to
focus on specific data sets and likelihood functions. For
this purpose we consider the following first four samplers
for the background analysis and, all of them and their
combination with Planck 2018 for the perturbation.
• Pantheon SNeIa binned compilation: we consider
the 40 bins compressed from 1048 SNeIa in the red-
shift range z ∈ [0.01, 2.3] [26].
3• BAO measurements: we consider the sampler of
15 transversal measurements obtained in a quasi
model-independent approach. This can be done by
compute the 2-point angular correlation function
tracers via DA(z; rdrag). The full set is reported in
[27] insight a redshift range [0.11, 2.225].
• Cosmic Chronometers (H(z)): we consider a sample
of 51 measurements in the redshift range 0.07 <
z < 2.0 reported in [28].
• Strong Lensing (SLS): we consider a catalog with
205 systems in a redshift range 0.0625 < zl < 0.958
for the lens galaxy and 0.196 < zs < 3.595 for the
source [29–32] (see also [33]).
• Planck Legacy 2018 (PL18): we adopt the low-l
and high-l likelihoods from [34, 35].
Observational Constraints.-
• Background level: The EoS proposal set a formu-
lation that can be systematically implemented in
several surveys to test for alternative theories of
gravity. Therefore, we can find the best fits val-
ues for the free cosmological parameters using the
samplers described previously). These values will
be used for the linear perturbations. Performing
a MCMC and Bayesian analyses in Table I we re-
ported the best fits values for the generic EoS (7)
for the case p = 11. Figure 1 displays the 2D
phase-space of the free parameters (h,Ωm0, wa) at
68%(1σ), 95%(2σ), and 99.7%(3σ) confidence level
(C.L.) and the 1D posterior distributions using the
individual and joint samplers. According to the
χ2-value, we find a good statistical agreement with
the data density. In our generic EoS (7) we set p as
free parameter to find flat posterior distributions,
allowing a negligible difference between f(R) mod-
els. Figure 3 shows the reconstruction of w(z) for
each observable up to 3σ.
• Linear perturbation spectra for f(R): This is a
novel attempt to present the treatment of the lin-
ear evolution of cosmological viable f(R) models
from the inflation era until late times. To achieve
this goal, we modified the version of CLASS2 to
find a Boltzmann solution for the standard fluid
equations [36] with a modular structure and our
generic EoS, w(z), given by (7). We start with a
specific cosmological model (in our case, the three
f(R) scenarios with a generic EoS). We start by nu-
merically solving the Friedmann equations for the
cosmic background with wi mimicking a dark fluid
and, at a subsequent time, solving the thermody-
namic evolution of the system. Afterward, we solve
2 https://lesgourg.github.io/class_public/class.html
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FIG. 1: The regions show the 68%, 95% and 99.7% confidence
level (C.L.) contours inferred from (7) with wb = 0.03, η = 6,
α = 1 and p = 11. For this latter value we perform a MCMC
calculations with p = 4, which shows a posterior evidence less
than 0.001% according to [10] in comparison to p = 11. We
choose this latter case to approximate the H0 value from late
universe measurements.
the Boltzmann equations to obtain the primordial
power spectrum P = As(k/k∗)ns−1. The advan-
tage of the form given by (7) is that we are deal-
ing with f(R) gravity3 described by a generic EoS,
which can be easily implemented at a background
level and used at standard EoS level as any dark
energy-like proposal. To break the degeneracy, we
consider the full samplers used at background level,
i.e. we combine BAO+SLS+H(z)+Pantheon SNeIa
together with the CMB data from the final release
of the Planck collaboration (2018). The comparison
of the results are presented in Table II and Figure 2
for a H0 as a free parameter. All the models present
at log power of the primordial curvature perturba-
tions and a scalar index ns with k0 = 0.05Mpc
−1.
The ∆DTT = DTTl model−DTTl ΛCDM [36] shows a de-
viation from ΛCDM between [0.5%-0.8%] at low-l,
which is in agreement with the interval precision to
reproduce f(R)-like evolution over the numerical
solutions of the field equations (2)-(4).
Conclusions.- We devoted our work to the analysis
3 Codes like HiCLASS offer a possibility to solve high order theo-
ries e.g. Hordenski theories.
4Sample χ2-value h Ωm0 wa M
H(z) 20.7 0.742+0.017−0.016 0.228
+0.020
−0.019 −0.271+0.179−0.179 –
Pantheon SNeIa 39.3 0.741+0.016−0.016 0.305
+0.036
−0.034 −0.044+0.161−0.187 −19.2+0.049−0.052
SLS 590.9 0.740± 0.017 0.092+0.045−0.039 −1.010+0.293−0.266 –
BAO 13.0 0.737+0.017−0.016 0.419
+0.101
−0.138 −0.710+0.723−0.869 –
Joint 695.0 0.727+0.010−0.009 0.247
+0.014
−0.014 −0.034+0.083−0.087 −19.3+0.021−0.022
TABLE I: Background best-fit values for Eq.(7). The joint sampler indicates Hz+Pantheon+SLS+BAO. The normalised Hubble
value h is also reported.
f(R) viable models
Parameters ΛCDM Starobinsky (p = 5) Hu & Sawicki (p = 4) Exponential (p = 11)
H0 67.69
+1.14
−1.24 68.10
+1.18
−1.10 68.22
+1.45
−2.11 71.22
+1.05
−2.00
100Ωbh
2 2.23± 0.03 2.23± 0.03 2.31+0.11−1.02 2.43+1.22−1.12
Ωch
2 0.119± 0.002 0.118± 0.022 0.118± 0.003 0.119± 0.013
τ 0.059+0.041−0.101 0.049± 0.032 0.049+0.132−0.111 0.071± 0.038
ln(1010As) 3.071
+0.054
−0.052 3.047
+0.057
−0.059 3.026± 0.061 3.026± 0.061
ns 0.970
+0.008
−0.007 0.969± 0.007 0.970± 0.008 0.975± 0.118
σ8 0.811
+0.025
−0.026 0.811
+0.047
−0.075 0.942± 0.041 0.945+0.140−0.045
TABLE II: Results from the linear perturbation analysis (95% C.L.) for the ΛCDM and the three cosmological viable f(R)
gravity models.
FIG. 2: The CMB CTTl power spectra versus multipole mo-
ment l using the best fits reported in Table I for the full sam-
pler CMB+BAO+SLS+H(z)+Pantheon SNeIa. The f(R)
models are represented by: Starobinksy (solid blue), Hu &
Sawicky (dashed orange) and Exponential (dotted green).
The red dots with black error bars indicate PL18 TT. Top:
DTTl fit. Middle: Percentage difference with respect to
ΛCDM (dotted-dashed black). Bottom: Percentage difference
according to deviations from ΛCDM.
of the cosmological linear perturbation of three cosmo-
logical viable scenarios of modified theories of gravity.
The background analysis was developed from a generic
EoS that can reproduce these models. In spite of using
the cosmological viable values of p = {4, 5, 11} in (7), we
do not found a significant preference for any of the f(R)
models under consideration. Thus, we choose the case
p = 11 to constrain the phase-space of the parameters.
Notice that wa is the free parameter that measures the
deviation between ΛCDM and the modified gravity sce-
narios. Based on the joint statistical analysis, we found
that (7) is still in good agreement (within 1σ) with the
concordance model. Afterward, we study the linear per-
turbations by considering our proposal (7) and the three
f(R) scenarios. We notice that the matter power spec-
trum normalisation factor σ8 shows an agreement with
SDSS and SNeIa+IRAS at 1-σ for the Starobinsky model
and with SDSS-vec for the Hu & Sawicki and Exponen-
tial models according to [37]. While for the H0 values,
Starobinsky and Hu & Sawicki show less tension in com-
parison with PL18 TT, and the exponential model in-
dicates at 2%-tension with other cosmological measure-
ments as e.g strong lensing time delays (H0LiCOW)[38].
Moreover, the scalar spectral index ns for Hu & Sawicki
and Exponential can mimic a ΛCDM + γp model [39].
Finally, from our general results we can conclude that
our three f(R) scenarios derived from (5) are compatible
with ΛCDM at 2-σ C.L. and at perturbative level show
less tension with the samplers described.
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